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Abstract
We consider vertex colourings of r-uniform hypergraphs H in the clas-
sical sense, that is such that no edge has all its vertices given the same
colour, and (2, 2)-colourings of H in which the vertices in any edge are
given exactly two colours. This is a special case of constrained colour-
ings introduced by Bujtas and Tuza which, in turn, is a generalisation of
Voloshin’s colourings of mixed hypergraphs. We study, χ(H), the classical
chromatic number, and the (2, 2)-spectrum ofH , that is, the set of integers
k for which H has a (2, 2)-colouring using exactly k colours.
We present extensions of hypergraphs which preserve both the chro-
matic number and the (2, 2)-spectrum and which, however often repeated,
do not increase the clique number of H by more than a fixed number. In
particular, we present sparse (2, 2)-colourable clique-free σ-hypergraphs
having arbitrarily large chromatic number - these r-uniform hypergraphs
were studied by the authors in earlier papers. We use these ideas to extend
some known 3-uniform hypergraphs which exhibit a (2, 2)-spectrum with
remarkable gaps. We believe that this work is the first to present an ex-
tension of hypergraphs which preserves both χ(H) and the (2, 2)-spectrum
of H simultaneously.
1 Introduction
Let V = {v1, v2, ..., vN} be a finite set, and let E = {E1, E2, ..., Em} be a family
of subsets of X. The pair H = (X,E) is called a hypergraph with vertex- set
V (H) = V , and with edge-set E(H) = E. When all the subsets are of the
same size r, we say that H is an r-uniform hypergraph, and if all possible such
subsets of size r are taken to be edges, H is said to be a complete r-uniform
hypergraph, or a clique. A clique on N vertices is also referred to as an N -clique.
The maximum number of vertices of a clique in H is called the clique number
and is denoted by ω(H). A clique in H is therefore a subset of V (H) which
forms a complete r-uniform subhypergraph in H.
1
A constrained colouring, or (α, β)-colouring of a hypergraph H, is an assign-
ment of colours to its vertices such that no edge of H contains less than α or
more than β vertices with different colours; this notion was first introduced in
[2], and studied further in a number of publications. It can be considered as an
extension of Voloshin colourings, also called mixed hypergraphs - the book [13]
and the up-to-date website http://http://spectrum.troy.edu/voloshin/
publishe.html are recommended sources for literature on all these types of
colourings of hypergraphs. An (α, β)-colouring which uses exactly k colours is
said to be a k-(α, β)-colouring. The lower chromatic number χα,β ofH is defined
as the least number k for which H has a k-(α, β)-colouring. Similarly, the upper
chromatic number χα,β is the largest k for which H has a k-(α, β)-colouring.
The (α, β)-spectrum of H, Spec(α,β)(H), is the sequence, in increasing order, of
all k such that H has a k-(α, β)-colouring. Clearly, the first and last terms of
this sequence are χα,β and χα,β respectively. We say that the (α, β)-spectrum
has a gap, or is broken, when there exist integers k1 < k2 < k3 such that the
hypergraph is k1-(α, β)- and k3-(α, β)-colourable but not k2-(α, β)-colourable.
The smallest hypergraph with broken chromatic spectrum was constructed in
[11]. The works of [5, 8, 9] study the spectra of hypergaphs obtained from design
theory. A classical colouring of an r-uniform hypergraph is a (2, r)-colouring,
that is a colouring in which no edge is monochromatic. The chromatic number
of a hypergraph H, χ(H) is the minimum number of colours required for a
(2, r)-colouring of H. In this paper we mainly consider classical colourings and
(2, 2)-colourings, that is colourings in which every edge contains exactly two
colours.
The main aim of this paper is to develop a technique by which we can
augment an r-uniform hypergraph, that is add vertices and edges, while pre-
serving certain properties and parameters, in the spirit envisioned in [14]. In
particular, we are interested in increasing the number of vertices and edges to
produce new r-uniform hypergraphs while preserving the chromatic number χ,
and the (2, 2)-chromatic spectrum. We present such a technique which we call
the (p, q)-extension, and show that when it is applied to a r-uniform hypergraph
H, both the chromatic number and the (2, 2)-spectrum are unchanged. To the
best of our knowledge this is the first instance of an extension of an r-uniform
hypergraph preserving both the chromatic number and the (2, 2)-spectrum.
We then study the clique number of σ-hypergraphs. A σ-hypergraph H =
H(n, r, q | σ), where σ is a partition of r, is an r-uniform hypergraph having nq
vertices partitioned into n classes of q vertices each. If the classes are denoted
by V1, V2,...,Vn, then a subset K of V (H) of size r is an edge if the partition of r
formed by the non-zero cardinalities | K ∩ Vi |, 1 ≤ i ≤ n, is σ. The non-empty
intersections K ∩ Vi are called the parts of K, and s(σ) denotes the number of
parts. These hypergraphs were introduced in [3] and further studied in [4], and
they also present interesting (α, β)-spectra, in particular when α = β = 2. We
show in this paper that there exist σ-hypergraphs with low clique number and
arbitrarily high chromatic number, in the spirit of the literature about sparse
hypergraphs with large chromatic number such as [6, 7, 12].
In the last section, we look at applications of the (p, q)-extension. In par-
ticular, we look at a specific instance of this extension which we call the t-star
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extension. This extension is applied to the hypergraphs constructed in [8], which
presents 3-uniform hypergraphs with various very interesting (2, 2)-spectra. We
also consider this extension applied to σ-hypergraphs.
In the case of σ-hypergraphs, we also consider the effect of the t-star ex-
tension on the clique number. We show that when the extension under certain
restrictions is repeated several times , giving r-uniform hypergraphs with large
numbers of vertices and edges, the clique number and chromatic number remain
stable.
2 Extensions of r-uniform hypergraphs
In this section we present a method which extends an r-uniform hypergraph
H using an operation that simultaneously preserves the chromatic number and
the (2, 2)-spectrum.
Consider an r-uniform hypergraph H, r ≥ 3. Let E∗ = {v1, v2, . . . , vr} be
an edge of H. Let W = {w1, w2, . . . , wp} and U = {u1, u2, . . . , uq} such that
p ≥ 1 and q ≥ 0. Let T be a non-empty subset of {1, 2, . . . ,min{p, ⌊ r−12 ⌋}}. Let
P be a non-empty subset of {1, 2, . . . ,min{p, r− 2}} and let Q be a non-empty
subset of {1, 2, . . . ,min{q, r − 2}} such that ∃ x ∈ P and ∃ y ∈ Q such that
x+ y ≤ r − 1. Consider the new r-uniform hypergraph H(p, q, T, P,Q) formed
as follows: the vertex set of of H(p, q, T, P,Q) consists of the union of V (H),W
and U . All edges of H are edges of H(p, q, T, P,Q), together with new edges
formed as follows:
• Type 1 edges : An r-set K ⊆ E∗ ∪W is a Type 1 edge if |K ∩W | ∈ T .
• Type 2 edges: An r-set K ⊆ E∗∪W ∪U is a Type 2 edge if |K ∩W | ∈ P ,
|K ∩ U | ∈ Q such that |K ∩ W | + |K ∩ U | ≤ r − 1, and |K ∩ E∗| =
r − |K ∩W ∪ U |. These edges exist if U is not the empty set and by the
existence of x ∈ P and y ∈ Q such that x+ y ≤ r − 1.
For short we call this a (p, q)-extension of H and denote it by Hp,q.
Theorem 2.1. Consider an r-uniform hypergraph H, r ≥ 3, with chromatic
number χ(H). Then χ(Hp,q) = χ(H).
Proof. Let χ(H) = k and consider Hp,q. Since H ⊆ Hp,q, χ(Hp,q) ≥ χ(H).
Consider a k-colouring of H. We show that this can be extended to a
k-colouring of Hp,q. Consider E
∗ = {v1, v2, . . . , vr}, the edge used for the
extension - the vertices of this edge are coloured by some s colours, where
2 ≤ s ≤ min{k, r}. Let these colours be 1, 2, . . . , s, and let ci be the number of
vertices coloured i, where 1 ≤ i ≤ s. Without loss of generality, assume c1 ≤
c2 ≤ . . . ≤ cs. Then c1 ≤ ⌊ r2⌋. Now consider the vertices W = {w1, w2, . . . , wp}
and U = {u1, u2, . . . , uq} . Let us give these vertices in W the colour 1, and the
vertices in U the colour 2. We show that this is a valid k-colouring of H∗p,q.
Any edge in Hp,q which is unchanged from H keeps the same colouring, and
so has a valid nonmonochromatic colouring. Now let us consider a type 1 edge:
this has at most ⌊ r−12 ⌋+ ⌊ r2⌋ vertices which are coloured 1. But ⌊ r−12 ⌋+ ⌊ r2⌋ ≤
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2 +
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2 ≤ 2r−12 < r and hence there is at least one other vertex in the edge which
must have a colour different from 1. Hence type 1 edges are not monochromatic.
If type 2 edges exist, then they have at least one vertex taken from W
and at least one vertex taken from U : these two vertices are coloured 1 and 2
respectively, and hence again a type 2 edge is not monochromatic. Therefore
this is a valid k-colouring of Hp,q and therefore χ(Hp,q) = χ(H) = k.
Theorem 2.2. Let H be an r-uniform hypergraph, r ≥ 3. Then Spec(2,2)(Hp,q) =
Spec(2,2)(H).
Proof. Suppose k 6∈ Spec(2,2)(H) and let us consider a k-(2, 2)-colouring of Hp,q.
Since H is not k-(2, 2)-colourable, there must be 1 ≤ i ≤ min{k − 2, r} colours
which do not appear on the vertices of H, and hence must appear on the vertices
inW and U , while k−i colours are used on the vertices ofH. Let us assume that
for some value of i between 1 and min{k − 2, r}, H is (k − i)-(2, 2)-colourable
(otherwise we are done and k 6∈ Spec(2,2)(Hp,q)). We colour H using these k− i
colours and use the remaining i colours on the new vertices of Hp,q. Hence at
least one vertex in W ∪U has a colour different from those used in H. We also
note that the vertices of E∗ must be coloured using exactly two colours, say 1
and 2.
So suppose there exists x ∈W which has a colour which does not appear on
the vertices of H. Recall that we can take at most ⌊ r−12 ⌋ vertices from W for a
Type 1 edge, and ⌊ r−12 ⌋ ≤ r−12 ≤ r− 2 for r ≥ 3. Hence any Type 1 edge must
contain at least two vertices taken from E∗. So consider the Type 1 edge which
includes two vertices taken from E∗ which have different colours, the vertex x,
and the remaining r−3 vertices taken from E∗ andW as required (by T ) - this
is a valid Type 1 edge which contains at least three colours and hence it makes
the k-(2, 2)-colouring of Hp,q invalid.
Now consider the case where all vertices in W have colours which appear in
H - then at least one vertex in x ∈ U contains a colour not used in H. A Type 2
edge must contain at least one vertex from each of the three sets E∗, W and U .
Since the vertices in E∗ use the colours 1 and 2, we can always choose a vertex
from W and a vertex from E∗ which have different colours, say, without loss of
generality vertex v1 ∈ E∗ and vertex w1 ∈ W have different colours. Consider
the Type 2 edge which includes the vertices v1, w1 and x with the remaining
r−3 vertices taken from E∗,W and U as required (by P and Q) - again this is a
valid type 2 edge which contains 3 colours hence making the k-(2, 2)-colouring
of Hp,q invalid.
Let us now consider k ∈ Spec(2,2)(H), and a valid k-(2, 2)-colouring of H.
Let us extend this colouring to Hp,q by considering two cases.
First consider the two colours which appear in E∗, say colours 1 and 2.
If one of the colour appears on more vertices than the other, say colour 2
appears more than colour 1, we call 2 the majority colour and 1 the minority
colour. In this case we give the vertices in W the minority colour 1, while the
vertices in U (if any) receive the majority colour 2. Thus, in E∗ there is at
least one and at most ⌊ r−12 ⌋ vertices which receive the colour 1, and at least
two and at most r − 1 vertices which receive the colour 2. If we consider a
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Type 1 edge, then the minority colour appears on at least one and at most
⌊ r−12 ⌋+ ⌊ r−12 ⌋ ≤ 2
(
r−1
2
) ≤ r− 1 vertices, and hence there must be at least one
and at most r − 1 vertices which must be taken from E∗ having the colour 2.
Hence any type 1 edge has exactly 2 colours. If we consider a type 2 edge this
must have at least one vertex fromW and at least one vertex from U which have
different colours and hence the edge is not monochromatic - all other vertices
in the edge are taken from W , U and E∗ and hence must have colours 1 or 2.
Therefore any type 2 edge has exactly two colours too.
Now let us consider the case in which both colours in E∗ appear an equal
number of times (hence r is even). Then we can give the vertices in W one
colour, say colour 1, while the vertices in U receive colour 2. A type 1 edge
has at least one and at most ⌊ r−12 ⌋ + r2 vertices which receive the colour 1.
But ⌊ r−12 ⌋ + r2 ≤ r−22 + r2 ≤ 2r−22 ≤ r − 1 - hence it must have at least one
and at most r − 1 other vertices taken from E∗ which must be of colour 2. A
type 2 edge must have at least one vertex from W and at least one vertex from
U which have different colours and hence the edge is not monochromatic - all
other vertices in the edge are taken from W , U and E∗ and hence must have
colours 1 or 2. Therefore any type 2 edge also has exactly two colours.
Thus the k-(2, 2)-colouring ofH can be extended to a valid k-(2, 2)-colouring
of Hp,q. Hence Spec(2,2)(Hp,q) = Spec(2,2)(H).
3 Clique-free σ-hypergraphs
We now present some ideas and results which will then be used to present clique
free (2, 2)-colourable σ-hypergraphs with high chromatic number.
Let σ = (a1, a2, . . . , as) be a partition of the integer r into s parts, that is∑i=s
i=1 ai = r. We define σi = (a1, a2, . . . , ai−1, . . . , as), a partition of r−1. We
say that σ is symmetric if and only if, for 1 ≤ i ≤ s, all the σi give the same
partition of r − 1.
A rectangular partition is one in which all parts are equal. We now prove a
preliminary lemma:
Lemma 3.1. A partition σ = (a1, a2, . . . , as) is symmetric if and only if σ is
rectangular.
Proof. We first show that a rectangular partition is symmetric. Let all parts
a1, a2, . . . , as be equal, say to m ≥ 1, such that r = sm. If m = 1 (and
hence s = r), then all σi have s − 1 parts each equal to 1, hence all σi’s are
the same parition of r − 1. If m = r (and hence s = 1), then σ1 = (r − 1),
and this is the only possible deletion. If 1 < m < r, then it is clear that
σi = (m,m, . . . ,m−1, . . . ,m), and rearranging the partitions in non-increasing
order, all σi’s are the same partition of r − 1.
Now consider a non-rectangular partition σ of r – then at least two parts,
say ai and aj , are not equal, and aj > ai ≥ 1. If ai = 1 then σi has s− 1 parts
and hence is different from σj which has s parts . If both ai and aj are greater
than 1, then σi and σj both have s parts, but aj − 1 > ai − 1 and hence the
partitions are different and σ is not symmetric.
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Theorem 3.2. Consider H = H(n, r, q|σ). Then
1. H has an (r + 1)-clique if and only if σ = (∆, ....,∆,∆ − 1).
2. H has an (r + 2)-clique if and only if either σ = (r) and q ≥ r + 2, in
which case H has a q-clique, or σ = (1, 1, . . . , 1) and n ≥ r + 2 in which
case H has an n-clique.
3. For r ≥ 4, there exist H such that ω(H) ≤ r.
Proof. 1) Consider a set of r + 1 vertices taken from the vertex classes of H.
Suppose that the numbers of vertices in each class gives a partition σ∗ of r +
1. If these r + 1 vertices are to form a complete subhypergraph, then the
deletion of any vertex must give r vertices which form the partition σ, that is
σ∗ must be symmetric and hence by Lemma 3.1 it must be rectangular and
equal to (∆,∆, . . . ,∆). This implies that σ must be equal to (∆,∆, . . . ,∆− 1)
as claimed.
On the other hand, consider σ = (∆,∆, . . . ,∆−1). Then r+1 is a multiple
of ∆. Consider a set of r + 1 vertices such that each set of ∆ vertices is taken
from a different class. Then any r-subset of these vertices forms a partition
σ = (∆,∆, . . . ,∆ − 1), and hence any r-subset is an edge in H. Thus these
vertices form a clique of cardinality r + 1.
2) Suppose H has an (r + 2)-clique on the vertex set A. Let B ⊂ A,
|B| = r + 1. Then B is an (r + 1)-clique. Hence by (1), σ = (∆,∆, . . . ,∆− 1),
and the vertices of B are partitioned into s parts with ∆ vertices from each of
s classes of H.
Therefore the vertices of A are partitioned into s classes of H to form the
partition σ∗∗ = (∆ + 1,∆,∆, . . . ,∆) of r + 2. Deleting any two vertices from
this set must give r vertices which form the partition σ. If s=1 then ∆ = (r)
and q ≥ r + 2. If s ≥ 2 and ∆ ≥ 2, then deleting two vertices from a part of
size ∆ in σ∗∗ gives a partition of r different from σ. Therefore ∆ = 1 and hence
σ = (1, 1, . . . , 1) and n ≥ r + 2.
Conversely, if σ = (r) and q ≥ r+2, then any r+2 vertices taken from the
same class form an (r + 2)-clique. In fact, each class is a q-clique. Similarly, if
σ = (1, 1, , . . . , 1) and n ≥ r + 2, any r + 2 vertices, each from a different class
of H form an (r + 2)-clique. In fact, any set of n vertices each taken from a
different class of H forms an n-clique.
3) For any value of r ≥ 4, we can define a partition of σ of r different
from (∆, ..,∆,∆ − 1). So, for any value of n ≥ s(σ) and r ≥ 4, there exist
σ-hypergraphs, which do not contain an (r + 1)-complete subhypergraph, and
hence there exist σ-hypergraphs with ω(H) ≤ r.
NOTE : One can observe that an (r + 1)-clique is possible if and only if
∆ | r + 1. The number of divisors of a positive integer n, d(n), clearly satisfies
the inequality d(n) ≤ 2√n (for further information, see [10]). On the other
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hand, consider the number of different partitions of n, p(n). An asymptotic
expression for p(n) is given by
p(n) ∼ 1
4n
√
3
e
pi
√
2n
3 ,
as given in [1]. Hence, for large values of r, almost all σ-hypergraphs are (r+1)-
clique free.
Theorem 3.2 can be used to show that there exist (2, 2)-colourable sparse
σ-hypergraphs which are (r+1)-clique free, and have arbitrarily large chromatic
number. This is another important and interesting feature of σ-hypergraphs.
Theorem 3.3. Consider H = H(n, r, q|σ = (r − 1, 1)), r ≥ 4. For any integer
t ≥ 1, let n = t+ 1 and q = (r − 2)t+ 1. Then
1. H is (2, 2)-colourable
2. χ(H) = t+ 1 ≥
√
|V (H)|
r−2 .
3. H is (r + 1)-clique free, that is ω(H) ≤ r.
4. The number of edges of H is
t(t+ 1)((r − 2)t+ 1)
(
((r − 2)t+ 1)
r − 1
)
= O(rtr+2er−1)
.
Proof. 1) We first show that there exists at least one valid (2, 2)-colouring of H.
Consider n colours and colour the classes monochromatically using a different
colour for each class. Then any edge has exactly s(σ) = 2 colours as required.
2) We now show that H is not t-colourable. Consider a colouring using
t colours. Since q = (r− 2)t+1, there is at least one colour in each class which
repeats at least r − 1 times, and as n ≥ t + 1, at least one colour is repeated
r − 1 times in two or more classes. Hence we can form a monochromatic edge
from these 2 classes. Therefore, at least t + 1 colours are required for a valid
nonmonochromatic colouring of H.
But in (1) we showed that H is n-(2, 2)-colourable, and since n = t+1, then
H is (t+ 1)-colourable. Hence χ(H) = t+ 1.
Now |V (H)| = (t + 1)((r − 2)t + 1) ≤ (r − 2)(t + 1)2, and hence (t + 1) ≥√
|V (H)|
r−2 . Therefore χ(H) = t+ 1 ≥
√
|V (H)|
r−2 .
3) Since σ = (r− 1, 1) and r ≥ 4, by Theorem 3.2, ω(H) ≤ r, and hence
H is (r + 1)-clique free.
4) The number of edges is 2
(
n
2
)(
q
r−1
)(
q
1
)
= 2 (t+1)!(t−1))!2!
(
q
r−1
)
q = qt(t+1)
(
q
r−1
)
.
Since q = (r − 2)t + 1, this is equal to t(t+ 1)((r − 2)t + 1)((r−2)t+1
r−1
)
. This is
of order less than rt3(et)r−1 = rtr+2er−1, since
(
n
k
) ≤ (ne
k
)k.
Hence |E(H)| = O(rtr+2er−1).
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The bound in part 4 of the previous theorem can be compared with the
best upper bound given in [7, 12], where the authors consider the upperbound
on the minimum number of edges of an r-uniform hypergraph with chromatic
number greater than t, denoted by m(r, t). The upperbound given in [7] is
m(r, t) ≤ t(1+o(1))r .
4 Applications of (2, 2)-spectrum preserving exten-
sions
In this section we present two examples of applications of the (p, q)-extension.
First, we use a special case of this extension to create new 3-uniform hyper-
graphs with very interesting spectra. Then we use this same extension on
σ-hypergraphs and show that the clique number remains stable at r+ 1, while
the chromatic number is preserved.
Perhaps the most spectacular constructions of hypergraphs with broken
spectra are those by Goinfriddo in [8]. These constructions are based on P3
designs and give different types of 3-uniform hypergraphs with very interesting
chromatic spectra. In Gionfriddo’s colourings, every edge must have exactly
two vertices of the same colour, and one vertex of another colour, and thus
these are equivalent to a (2, 2)-colouring. One of her more striking results is
summarized in the following theorem:
Theorem 4.1. Let N = 0 mod 4. Then:
1. For N ≥ 4, there exist 3-uniform hypergraphs on N vertices whose (2, 2)-
spectrum is {2, 4, 6, . . . , N2 }.
2. For N ≥ 12, there exist 3-uniform hypergraphs on N vertices whose (2, 2)-
spectrum is or {5, 7, . . . , N−22 }.
Now, using the (p, q)-extension, we can create new 3-uniform hypergraphs
while preserving their (2, 2)-spectrum. In particular, consider the (p, q)-extension
when W = {w1, w2, . . . , wt}, U = ∅, and the set T is {1, 2, . . . , t}, where
t ≤ ⌊ r−12 ⌋. We call this specific instance of the (p, q)-extension extension the
t-star extension and denote it by H∗t . Therefore the simplest form of the (p, q)-
extension extension can be considered to be a 1-star extension. Now, if we apply
the 1-star extension once, twice or three times, we get the following corollary,
which removes the restriction on N :
Corollary 4.2. Let N be an integer. Suppose N = j mod 4. Then there exist
3-uniform hypergraphs on N vertices with (2, 2)-spectrum equal to
1. {2, 4, 6, . . . , N−j2 } for N ≥ 4.
2. {5, 7, . . . , N−2−j2 } for N ≥ 12.
We now consider the application of the t-star extension to an r-uniform
σ-hypergraph H(n, r, q | σ). We study the effect of this extension on the clique
number ω(H) . The next proposition shows that the clique number is stable
when the t-star extension is applied to an r-uniform hypergraph.
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Proposition 4.3. Let H be an r-uniform hypergraph. Then
ω(H∗t ) = max{ω(H), r + t}
.
Proof. Consider the construction of H∗t : we take an edge E
∗ composed of r
vertices, a set W of t vertices, and form all possible r-subsets of E∗ ∪W as
edges. So this forms a clique K with r+ t vertices. Since K ⊂ V (H), ω(H∗t ) ≥
ω(K) ≥ r + t. Also, since no other vertex outside E∗ forms an edge with the
vertices of W , then ω(H∗t ) = max{ω(H), r + t}.
Now consider a σ-hypergraph H = H(n, r, q | σ), with 2 ≤ s(σ) ≤ r− 1. By
Theorem 3.2, ω(H) ≤ r + 1. Hence, if we apply the t-star extension, starting
with H = H(n, r, q | σ), recursively for any number of times, the clique number
will become r + t after the first extension, and remain fixed. In particular, for
a 1-star extension, ω(H∗1 ) = r+1 however many times the extension is applied.
Recall that the chromatic number also remains unchanged by Theorem 2.1.
5 Conclusion
We have presented an extension of r-uniform hypergraphs which preserves the
chromatic number and the (2, 2)-spectrum. The clique number also remains
stable when this extension is applied repeatedly. The most natural next step,
in our view, would be devising an extension which preserves more general con-
strained colouring spectra, that is, (α, β)-spectra with 2 ≤ α ≤ β ≤ r−1. Even
finding such an extension which works for σ-hypergraphs would be a significant
step forward.
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